In this paper the Clar covering polynomial of a hexagonal system is introduced. In fact it is a kind of F polynomial [4] of a graph, and can be calculated by recurrence relations. We show that the number of aromatic sextets (in a Clar formula), the number of Clar formulas, the number of Kekule structures and the first Herndon number for any Kekulean hexagonal system can be easily obtained by its Clar covering polynomial. In addition, we give some theorems to calculate the Clar covering polynomial of a hexagonal system. As examples we finally derive the explicit expressions of the Clar covering polynomials for some small hexagonal systems and several types of catacondensed hexagonal systems. A relation between the resonance energy and the Clar covering polynomial of a hexagonal system is considered in the next paper.
Introduction
A hexagonal system can be obtained as follows. Let C, be a cycle of the hexagonal lattice. Then the vertices and edges which lie on CH and in the interior of CH form a hexagonal system H. It is well know that any hexagonal system H is a bipartite graph, i.e., its vertices can be colored by two colors so that two vertices of the same color are never adjacent. A perfect matching of a graph G is a set of independent edges of G covering all vertices of G. A hexagonal system with at least one perfect matching can be regarded as the skeleton of a benzenoid hydrocarbon.
The Kekule structure in chemistry coincides with what in graph theory is known under the name "perfect matching" [3] . A hexagonal system is said to be Kekulean if it has a Kekule structure. The Clar formula is obtained by drawing circles in some hexagons of H, these circles represent the so-called "aromatic sextets". The rules for constructing Clar formulas are the following: (a) Circles are not allowed to be drawn in adjacent hexagons.
*This project is supported by NSFC.
(b) Circles can be drawn in hexagons if and only if the remainder of the hexagonal system obtained by deleting the vertices of the hexagons that possess circles has at least one Kekule structure or is empty (without vertex).
(c) A Clar formula contains the maximum number of circles, which can be drawn in accordance with rules (a) and (b) .
If only the rules (a) and (b) are obeyed, we speak about the generalized Clar formula. Let f((H) denote the number of Kekule structures of H and a(H) (called the Clar number of H) the number of atomatic rc sextets (in a Clar formula) of a hexagonal system H. It is well known that K(H) and o(H) of a hexagonal system H play significant roles in the topological theory of hexagonal systems [3, 2] . A number of researches [17, 5, 6 , 11, 131 on the Clar formula of a hexagonal system have been made. Hosoya and Yamaguchi [16] defined the sextet polynomial of H as follows:
a(H, x) = 1 s(H,k)xk , k=O (l-1) where s (H,k) denotes the number of generalized Clar formulas of the hexagonal system H in which k circles have been drawn. For example, the sextet polynomial of the graph H of benzoanthracene indicated in Fig. 1 is [lS] a(H,x)=2x2+4x+1.
(1.2)
Although some properties of the sextet polynomial of a hexagonal system have been obtained [16, 15, 73 , in general a good method to calculate the sextet polynomial has not been found yet.
In Herndon's resonance theory [9] , the resonance energy HRE can be presented as follows: The above theorem factually gives an equivalent definition of the Clar covering polynomial of a generalized hexagonal system. The following theorem shows that the Clar covering polynomial of a hexagonal system is closely related with some topological indices used in chemistry. Proof. (l) , (2) and (4) can be easily obtained from the previous definition. (3) follows immediately from the fact [17] that, for any maximum cover Q, H -Q has a unique Kekule structure. 0
As an example, we consider a linear hexagonal chain L, with m hexagons, which is indicated in Fig. 2 . It is easy to see that
For the sake of simplicity, in the following we denote P(H, w) by P(H), P(L,, w) by I,, and sometimes we even denote the polynomial P(H, w) by H under no confusion.
Some properties of the Clar covering polynomial
In this section we will obtain some properties and recurrence relations for the Clar covering polynomial of a hexagonal system.
Theorem 3.
Let H be a generalized hexagonal system, the components of which are HI, Hz, , H,. Then 
P(H, W) = fI P(Hi, W).

P(H)=w ~ P(H-si)+P(H-Xy)+P(H-x-y).
i=l (3.2) 
wP(H -sJ + wP(H -~2) + P(H -x -y) + P(H -e). cl
By the same reason we have 
P(H)=wP(H-s)+P(H-x-y)+P(H-xy). (3.3)
Theorem 6. Let H be a generalized hexagonal system, and xy be an edge not belonging to any hexagon of H (see Fig. 5 ). Then
P(H)=P(H-x-y)+P(H-xy). (3.4)
Now we will show how to use the preceding recurrence relations in calculating the Clar covering polynomial of a hexagonal system via some simple examples. 
= (w+l)P(a-J)+P(~)
= (w+1)(2w+3)+(3w+4) = 2w2+8w+7.
Example 3.
= (w+l)(w2+5~+5)+(2~*+8~+7) = w"+8w2+18w+12.
With the previous conclusions we have calculated the Clar covering polynomials of all Kekultan hexagonal systems with < 5 hexagons and listed them in Table 1 (see the  Appendix) .
In the following we will derive some formulas to calculate the Clar covering polynomial of some special classes of hexagonal systems.
Let Xi, X2 and X3 be three Kekultan hexagonal systems. Identifying an edge on the periphery of Xi with an edge on the periphery of X2, we get a hexagonal system and denote it by X1 . X2 (see Fig. 6 ). We identify each of a triple of pairwise disjoint edges of an (additional) hexagon with a peripheral edge of X1,X2, X3, respectively, to obtain a hexagonal system, which is denoted by X1 * X2 * X3 (see Fig. 9 ). Proof. Applying Theorem 5 to the edge xx' we have P(Xi .X,) = P(X, .x, -xx') + P(X1. x, -x -x') + wP(X, . x, -s2) .
Since both X1 and X2 have a Kekule structure, then yy' does not belong to any Kekule structure of X1 . X, -xx'. Hence we have P(X1 . X, -xx') = P(X,)P(X,). By analogous reasons we also have P(X1. x, -x -x') = P(Xi)P(Xi -x' -y') and P(X1. x* -sa) = P(Xi)P(X, -sz).
Therefore P(X1 .X,) = P(X,)P(Xh) + P(Xi){P(Xi -x' -y') + wP(X, -sz)} = P(X,)P(X3 + P(X;)P(X,) -P(X;)P(X;) > where we applied Theorem 5 to X2 and used the obvious fact that P(X2 -xy) = P(X2 -x -x' -y -y'); this completes the proof of the theorem. 0
In the special case Xi = L,(LO = K2) for m 3 0, applying the above Theorem 6, we have (see Fig. 7 ) Proof. Applying Theorem 7 to the edge x'y' and using Corollary 1 we easily obtain the theorem. 0 A hexagonal system is catacondensed if no three of its hexagons have a common vertex; and is pericondensed otherwise. In this section we only consider catacondensed hexagonal systems. It is well known that each catacondensed hexagonal system is Kekulean, and thus has a Clar cover. Thus, for catacondensed hexagonal systems Theorems 779 and Corollary 1 (Section 3) are valid. Applying these conclusions we can easily compute their Clar covering polynomial.
At first let us consider hexagonal chains, which may be defined as unbranched catacondensed hexagonal systems, i.e., each hexagon of which is adjacent to at most two hexagons. 
Hexagonal chains
Let H be a hexagonal chain which has n maximal linear chains with > 2 hexagons. .7) and (4.8) we immediately obtain Theorems 1 and 3 of [l] . We simply denote by fn such a special hexagonal chain and by fi its auxiliary hexagonal chain, and obtain directly the following recurrence relation:
fn=L-2fn-1+(w+l)fn-2 (n>3) (4.9)
with initial conditions fi = I, and fi = l:-1 + (w + 1). From (4.9) we have calculated their Clar covering polynomials with n < 5 listed in Table 2 (see the Appendix). We can deal with fn' in the same way (see Table 3 in the Appendix). From (4.9) an explicit expression for fn will be obtained below.
Suppose that the generating function of fn (n > 1) is (4.12) for all n 3 3. This is the explicit expression of the Clar covering polynomial of the hexagonal chain .f,. Now let us make several remarks about it. Remark 1. Choosing w = 0 in (4.12), we directly obtain an explicit expression of the Kekule structure count off, as follows:
k,+2$E._l("': "')cm -lJk' (4.13) Moreover, by simple observation and manipulation we get h(JJ = dfn, 1)
Remark 2. Assume m 2 3. From (4.12) it is easy to see that the degree of the Clar covering polynomial for _& is n; that is, its Clar number equals n from Theorem 2. Moreover we can easily observe that the leading coefficient of (4.12) the number of 
Some branched catacondensed benzenoid systems
In Section 4.1 we have derived a recurrence relation for the Clar covering polynomial of an arbitrary hexagonal chain. Thus, according to Theorem 9, the problem of calculating the Clar covering polynomial of a branched catacondensed hexagonal system can be transformed into that of a number of hexagonal chains. As examples, we can obtain the Clar covering polynomials for the five classes of branched hexagonal systems represented in Fig. 12 as follows: In the following we will mainly obtain the explicit expression for the Clar covering polynomial of some kinds of typically branched catacondensed hexagonal systems.
Catacondensed ladders
The catacondensed ladder is a type of branched catacondensed hexagonal system shown in Fig. 13(a) and denoted by @(ml, ml, n); hexagonal systems of a related class are depicted in Fig. 13 F(Z) = c~_, Oizi. Similarly we obtain that
Furthermore we obtain @n =jo {k,+2szn_p(k1; k2)W)k2&d~}~p~ 
Catacondensed all-benzenoids
A hexagonal system is defined to be all-benzenoid if the following holds: if we take away all the vertices of its maximum cover, then the residual is empty [3] . For example, O( 1,2, n) is a class of all-benzenoids.
Assuming that such a system is stripped for its terminal hexagons (each of which has 4 vertices of degree 2), the remainder system is referred to as the backbone. Triphenylene O (1, 1,1) has the trivial backbone of one hexagon. Otherwise the backbone can only consist of short segments actually holding two or three hexagons each. They are called 2-segments or 3-segments, respectively. It is easy to see that the backbones of 0(1,2, n) are zigzag chains, which have only 2-segments in the backbone. Now we deal with the catacondensed allbenzenoids U(n) and Z(n), shown in Figs. 14 and 15, respectively, with only 3-segments.
For U(n), similarly we easily obtain the following recurrence relation for n 2 2: U(n) = (w + 2)2U(n -1) + (w + l)(w + 2)U(n -2) (4.31) with initial conditions U(0) = w + 2 and U(1) = w3 + 6w2 + 13~ + 9. As before, we also obtain the explicit expression For Z(n) shown in Fig. 15 , we also deduce the recurrence relation Z(n) = drZ(n -1) + dzZ(n -2) (na2), (4.33) where dI = (w + 2)(2w + 3), dz = (w + l)(w + 2)'{(w + 2)3 + w + l), with initial conditions Z(1) = (w + 2)' + 2(w + l)(w + 2)2 and Z(0) = w -t 2. And we obtain the following explicit expression: From Eqs. (4.32) and (4.34) we readily obtain some topological indices for allbenzenoids U(n) and Z(n), but omit their details here. Table 3 The Clar covering polynomials of hexagonal chains J,' with n < 5 n f.' 
